This paper investigates the peristaltic transport of an incompressible micropolar fluid in an asymmetric channel with heat source/sink and convective boundary conditions. Mathematical formulation is completed in a wave frame of reference. Long wavelength and low Reynolds number approach is adopted. The solutions for velocity, microrotation component, axial pressure gradient, temperature, stream function, and pressure rise over a wavelength are obtained. Velocity and temperature distributions are analyzed for different parameters of interest.
Introduction
Peristalsis is a travelling contraction wave along a tube like structure. Physiologically, the peristaltic transport is due to neuron-muscular properties of any smooth muscle. In particular the peristalsis is involved in ureter, swallowing food through the esophagus, movement of chyme in the gastrointestinal tract, movement of ovum in the female fallopian tube, vasomotion of small blood vessels, motion of spermatozoa in cervical canal, transport of bile in bile duct etc. Some worms like earth-worm use peristalsis for their locomotion. The peristalsis is frequently involved in the translocation of water in tall trees through phloem. This mechanism is also used in many biomedical appliances such as heart-lung machine, blood pump machine, dialysis machine, and transport of noxious fluid in nuclear industries. The earliest study regarding peristaltic transport of a viscous fluid was presented by Latham [1] . Afterwards this topic has been investigated for both viscous and non-Newtonian fluids under different assumptions and geometries (see [2 -5] , and many references therein). It is known that all the nonNewtonian fluids cannot be described by a single constitutive equation. Hence several non-Newtonian fluids are proposed and most of them are empirical or semi-empirical [6 -10] . Among these models there is a micropolar fluid model which closely describes the behaviour of bio-fluids such as blood in small blood vessels. Micropolar fluids are fluids with microstructure belonging to a class of fluids with nonsymmetrical stress tensor referred to as polar fluids. Physically, they represent fluids consisting of randomly oriented particles suspended in a viscous medium, and they are important to engineers and scientists working with hydrodynamic fluid problems and phenomena. Eringen [11, 12] described the theory of micropolar fluid which can support couple stresses, body couples and exhibits microrotational and microinertial effects. The theory of micropolar fluids is a special case of the theory of simple microfluids [13] introduced by Eringen himself. Lukasazewicz [14] discussed many interesting aspects of the theory and applications of micropolar fluids. Devi and Davanathan [15] studied the peristaltic motion of a micropolar fluid in a cylindrical tube. Srinivasacharya et al. [16] analyzed the peristaltic transport of a micropolar fluid in a tube. Ali and Hayat [17] discussed the peristaltic flow of a micropolar fluid in an asymmetric channel. Besides these, biological tissues with heat transfer involve modes like heat conduction in tissues, heat convection by blood flow through pores of the tissues, and radiation heat transfer between surface and its environment. Heat transfer analysis can be used to obtain information about the properties of tissues. For example, the flow of blood can be evaluated using a dilution technique. In this procedure, heat is either injected or generated locally and the thermal clearance is monitored. Understanding of bio-heat transport is also important in the applications of heat and cold for medical treatment. Recent advances in the application of heat (hyperthermia), radiation (laser therapy), and coldness (cryosurgery) as means to destroy undesirable tissues, such as cancer, have stimulated much interest in the study of thermal modelling in tissues. In particular, the peristalsis with heat transfer is significant in the sense that the thermodynamic aspects of blood are useful in oxygenation and hemodialysis processes. Motivated by such facts, the peristaltic flows with heat transfer have been explored by the recent researchers [18 -23] . The heat transfer process in all the above mentioned studies is addressed through prescribed boundary conditions either on temperature or heat flux. Convective boundary conditions in channel flow is discussed by Makinde [24 -26] . When there is a motion of fluid with respect to a surface or a gas with heat generation, the transport of heat is referred to as convection. In convective boundary conditions the Biot number determines the primary mode of heat transfer in the system. A high Biot number means the convective heat transfer is much faster than the conductive heat transfer. The Biot number consideration has applications since metal fogings and castings are required to be cooled uniformly to prevent distortions. Motivated by such facts, the present study addresses the peristaltic transport of a micropolar fluid in an asymmet- ric channel with convective boundary conditions. In fact, heat transfer enhancement is because of bulk motion of fluid in various physical processes, such as (for instance) between a solid surface and the fluid. Heat transfer between a solid boundary and static fluid takes place due to conduction purely. Such type of problems gives rise to boundary conditions through Fourier's law of heat conduction. However, the transfer of heat between solid boundary and a moving fluid is due to both conduction and convection. The boundary condition in such case is because of Fourier's law of heat conduction and the Newton's law of cooling. This type of boundary condition is called the convective type. The convective conditions have a key role for maintaining a healthy building in view of fresh air ventilation and membrane-based air-to-air heat mass exchangers. These are also important in heat transfer processes like hemodialysis, cancer therapy etc. Analysis has been developed in the presence of heat source/sink. Exact solutions have been obtained for the axial velocity, temperature field, and the microrotation component. Expressions for the pressure rise and shear stresses are also obtained. Important flow quantities of interest are examined with respect to the pertinent involved parameters.
Problem Origination and Flow Equations
We consider the peristaltic transport of an incompressible micropolar fluid in a two-dimensional asymmetric channel of width d 1 + d 2 (see Fig. 1 ). In Cartesian coordinate system theX-axis is taken along the walls of the channel andȲ -axis perpendicular to theXaxis. The flow created is due to the propagation of sinusoidal waves parallel to the channel walls. The shapes of such waves are given bȳ
In above expressions, c is the wave speed, a 1 , a 2 are the wave amplitudes, λ is the wavelength, d 1 +d 2 is the width of the asymmetric channel, the phase difference φ varies in the range 0 ≤ φ ≤ π (φ = 0 corresponds to symmetric channel with waves out of phase and φ = π the waves are in phase) and further a 1 , a 2 , d 1 , d 2 , and φ satisfy the condition
Let (Ū,V ) be the velocity components in a fixed frame of reference (X,Ȳ ). The flow in fixed frame of reference is unsteady. However if observed in a coordinate system moving at the wave speed c (wave frame) (x,ȳ) it can be treated as steady. The coordinates and velocities in the two frames are related through the following expressions:
whereū andv indicate the velocity components in the wave frame. The equations governing without body force and body couple are given by
in whichv is the velocity,w the microrotation vector,p the fluid pressure, ρ the fluid density,j the microgyration parameter, d/ dt the material time derivative, T the fluid temperature, c p the specific heat, k the thermal conductivity of the material, the constant heat source/sink parameter Q 0 , and ∇ 2 = (
∂Ȳ 2 ) (the overbar refers to a dimensional quantity). The material constants µ, k * , α, β , and γ satisfy the following inequalities [11] :
The exchange of heat with the ambient temperature at the walls through Newton's law of cooling is given by
in which T a is the ambient temperature and η 1 and η 2 are heat transfer coefficients at the upper and lower channel walls, respectively. For the flow under consideration, the velocity field isv = (ū,v, 0) and the microrotation vector isw = (0, 0,w). We introduce dimensionless variables, the Reynolds number (Re), the wave number (δ ), Prandtl number (Pr), and the Biot numbers (Bi) as follows:
The dimensionless formulation is presented as follows:
where
is the micropolar parameter [11] , β is the dimensionless heat source/sink parameter and α, β do not appear in the governing equation as the microrotation vector is solenoidal. These equations reduce to the classical Navier-Stokes equation when k * → 0.
Equations (12) -(16) subject to long wavelength and low Reynolds number assumptions yield
where (21) indicates that p = p(y).
The instantaneous volume flow rate in the fixed frame can be expressed as
Above equation in the wave frame is reduced to
Equations (3), (24), and (25) lead to the result
The time-mean flow over a period
Using (26), (27) and integration process, we arrive at
Taking Θ and F as the dimensionless time-mean flows in the laboratory and wave frames, respectively, by
then (28) gives
The dimensionless forms of h i (i = 1, 2) are given by
and φ satisfy the following relation:
The conditions in the wave frame of reference are
Exact Solution
With the help of (21), (20) can be written in the form
Integration of the above equation yields
Putting above equation in (22), we get
The general solution of (38) is
Through (37) and (38), we have
in which C 1 -4 are the constants of integration and
The arbitrary constants involved in (40) can be found with the help of boundary conditions (34) and (35) and are given by
The exact solution of the energy equation (23) is given by 
in which the constants C 5 -7 can be found with the help of boundary conditions (17) and (18) and are given by
Using (31), we find that dp dx =
The corresponding stream function is
where the values of L 1 -14 are given in the Appendix.
The dimensionless expression for the pressure rise per wavelength ∆p λ is
Shear Stress Distribution at the Walls
It is interesting to note that the stress tensor of the micropolar fluid is not symmetric. The nondimensional shear stresses in the problem under consideration are given by
Results and Discussion
To discuss qualitatively the influence of embedding parameters of interest on flow quantities such as velocity u(y) and temperature distribution θ (y), we have prepared Tables 1 -5 and Figures 2 -5 . The effects of various parameters on pressure gradient dp/ dx, pres- Table 5 . Values of the temperature θ at x = −0.5 for a = b = 0.5, d = 1, Θ = 1.2, φ = π/2, Bi 1 = 8, and Bi 2 = 10. Tables 1 and 2 show the effects of m and N on the velocity profile. It is observed from the tabulated values that the velocity profile increases near the center of the channel and it has an opposite behaviour near the channel walls for increasing val- ues of m and N. Figure 2 discloses that by increasing the value of Bi 1 , the temperature profile θ (y) decreases near the upper wall while it has no significant effect near the lower wall of channel. Also the temperature θ (y) decreases near the lower wall by increasing the Biot number Bi 2 and it has no effect on temperature profile near the upper wall of the channel (see Fig. 3 ). Figures 4 and 5 portray the tem- perature distribution for different values of β . It is found that the temperature distribution decreases when there is a sink and increases when there is an external source. These results for different values of Bi 1 , Bi 2 , and β are also confirmed from Tables 3 -5 , respectively.
Concluding Remarks
A mathematical model subject to long wavelength and low Reynolds number approximations is presented in order to study the effects of convective boundary conditions on peristaltic transport of a micropolar fluid in an asymmetric channel with heat source/sink. Solution expressions of stream function, longitudinal velocity, temperature, and pressure gradient are developed. It is concluded that velocity has maximum value near y = −0.2 (due to asymmetry of the channel) while it decreases near the channel boundaries for increasing values of m and N. The thermal study discloses that with increase in Biot numbers at the lower wall Bi 2 and the upper wall Bi 1 , the fluid temperature decreases. It is worth mentioning that when we take very large values of Biot numbers, the case of prescribed surface temperature is deduced. It is also found that the temperature increases (decreases) when there is an increase in heat source (sink) parameter.
